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The atomic A-calculus

Typeable — Curry—Howard for deep inference
Atomic — Duplication of individual constructors
Sharing — Fully lazy sharing

PSN — Preservation of strong normalisation w.r.t A-calculus
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Natural deduction

Open deduction
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The atomic A-calculus
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Explicit substitution: ufx =t

Functional programming: let x be t in u
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Terms

Closures
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Denotation
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Notation

Closure sequence
Vector notation
Substitution (linear)

Substitution sequence

(€] [cili<n
X;t
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X1, Xn b, ..

{t|/X|} R {tn/Xn}

Sty



[x] = x [Ax.1]

Ax.[t]

[©u] = ([D)u] [t[c]] = [el{c}

{[X| ..... Xp < t]} = {[[t]]/x,-},-gn



[x] = x [Ax.1]

Ax.[t]

[(tu] = ([e])]ul [tlc]] = [t {c}
Ixi, ..., xn <t} = {[t] /xi}i<n

..... Xp «— )\y.<t|, - ,tn>[CH} = {)\yﬂt,]] {[C]}/Xi}ign



Normalisation
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if [d] does not bind in [c]
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if y is not free in [c|
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ulx, ..., Xp < Ay.t[—y]]

ulxy, ..., Xp « Ay (zy, ..., z)zi, .., z, « t[—y]]
ulxy,..., Xn « Ay(zy, ..., zp)zy, ..., zp, < t][<y]]
ulxy, ..., Xn « Ay (zy,..., z)<—yllz, ..., z, «— ]



ulx, ..., Xp < Ay.t[—y]]

ulxy, ..., Xn «— Ay(zy,..., zp)zy, ..., zp < t[—y]]
ulxy, ..., Xn < Ay(zy, ..., zp)zi, ..., zp « t|[«y]]
ulxy, ..., Xn « Ay (zy,..., z)<—yllz, ..., z, «— ]



ulx, ..., Xp < Ay.t[—y]]

ulxy, ..., Xp « Ay (zy, ..., z)zi, .., z, « t[—y]]
ulxy,..., Xn « Ay(zy, ..., zp)zy, ..., zp « t][«y]]
ulxy, ..., Xn « Ay (zy,..., z)<—yllz, ..., z, «— ]
ulx, ..., Xn «— Ay(zy, ..., o) yll[z1, ..., zp « ]



Full laziness



Skeleton of Ay.t: smallest Ay.s such that

Ayt = (Ay.s){ui/xi}i<n

(with non-capturing substitution)

uj: maximal free subexpression (MFE)

Full laziness: skeletons are duplicated; MFE’s remain shared



ulxp, ..., Xy < Ay.t]
~ Uy Xy = Ay (zZy, o zn)Zh ez ]

~ u[xll,_,,xn«—Ay.<S|,...,Sn>[7|,...,)7;7 <—}’]HC]

~u{Ayisilyi < ylilxiti<nlC]



Results



Sharing reduction (~)

» SN and confluent

» normal forms are the image of the A-calculus

Normalisation (~5 U ~~g)
» preserves SN w.r.t. A-calculus (PSN)
» simple types give SN (by abstract reducibility)
» fully lazy sharing



The End



