10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

Categorifying Non-ldempotent Intersection Types

Giulio Guerrieri
University of Bath, Department of Computer Science, Bath, United Kingdom.
g.guerrieri@bath.ac.uk

Federico Olimpieri
Institut de Mathématiques de Marseille (I2M), Aix-Marseille Université, Marseille, France.
federico.olimpieriQuniv-amu.fr

—— Abstract

Non-idempotent intersection types can be seen as a syntactic presentation of a well-known denota-
tional semantics for the lambda-calculus, the category of sets and relations. Building on previous
work, we present a categorification of this line of thought in the framework of the bang calculus,
an untyped version of Levy’s call-by-push-value. We define a bicategorical model for the bang
calculus, whose syntactic counterpart is a suitable category of types. In the framework of distributors,
we introduce intersection type distributors, a bicategorical proof relevant refinement of relational
semantics. Finally, we prove that intersection type distributors characterize normalization at depth 0.
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1 Introduction

Since Girard’s introduction of linear logic [32], the notion of linearity has played a central
role in the Logic-in-Computer-Science community. A program is linear when it uses its
inputs only once during computation (inputs cannot be copied or deleted); while a non-linear
program may call its inputs at will. Via the exponential modalities ! and ?, linear logic gives
a logical status to the operations of erasing and copying data.

Another way to study linearity is provided by some type systems. Intersection types were
introduced by Coppo and Dezani [14, 15] as an extension of simple types by means of the
(associative, commutative and idempotent) intersection connective a Nb: a term of type
aNb can be seen as a program of both type a and type b. This kind of type systems have
proven to be very useful to characterize various notion of normalization in the A-calculus
[37]. If we impose non-idempotency to the intersection [31, 16] (i.e. aNa # a), we get a
“resource-sensitive” intersection type system, in the sense that the arrow type encodes the
eract number of times that a term needs its input during computation: intuitively, a term
typed a Na Nb can be used twice as a program of type a and once as a program of type
b. Non-idempotent intersection types allow combinatorial characterization of normalization
properties and of the execution time of programs [9, 16, 4] and proof-nets [19, 20]. Also,
De Carvalho’s non-idempotent intersection type system R is a syntactic presentation of the
categorical semantics of A-calculus given in the category of sets and relations [16, 17]. There
is a strong connection between linear logic and non-idempotent intersection types [18].
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Categorifying Non-ldempotent Intersection Types

Inspired by [34, 41, 47, 43], we propose here a categorification of this kind of semantics.
Roughly, categorification consists in replacing set-theoretic notions with category-theoretic
ones. In general, this process gives both more fine-grained structures and general points of
view. Melliés and Zeilberger [42] followed this approach to present a categorical definition of
what a type system is: a type system is a functor between a category of type derivations and
a category of terms. Since we are interested in categorical semantics with an intersection type
presentation, the first natural thing to do is replacing the category of sets and relations with the
bicategory of distributors [6, 10]. Distributor-induced semantics of programming languages
were already presented in [12, 27]. In particular, Fiore, Gambino, Hyland and Winskel
introduced the bicategory of generalized species of structure [27], a very rich framework that
generalizes both relational semantics and Joyal’s combinatorial species [35, 27, 30, 47]. As
shown in [12, 29], distributors can also lead to a generalization of Scott’s semantics.

Mazza, Pellissier and Vial [41], inspired by [42] and Hyland’s project of categorification
of the theory of the A-calculus [34], presented a general approach to intersection types rooted
in the notion of multicategory. In their framework, the A-calculus is seen as a 2-operad,
were 2-cells consist of reduction paths. Intersection type systems are seen as a special
kind of fibrations. Via a Grothendieck construction, with these fibrations they associate
an approximation presheaf that interprets terms as discrete distributors. Thanks to this
categorical approach, they are able to prove a parametric normalization theorem for a class
of intersection type systems in a modular and elegant way. Their method relies on a Curry-
Howard style correspondence between intersection type derivations and a kind of A-terms
approzimants, the polyadic terms. However, their approach does not provide a denotational
model and it does not support subtyping for intersection types. This latter feature is strictly
linked to the fact that approximation presheaves action on types is restricted to discrete
categories [41]. It is then natural to ask what happens when we take the standpoint of
denotational semantics and we take into account categories with non-trivial morphisms.

Recently, Tsukada, Asada and Ong [47, 48] presented the rigid Taylor expansion® se-
mantics for an n-expanded fragment of non-deterministic simply-typed A-calculus with fixed
point combinator, then extended to probabilistic and quantum computation: the linear
approximants are still polyadic terms. Tsukada, Asada and Ong proved that this semantics
is naturally isomorphic to the generalized species semantics. This time, the standpoint is
well the one of denotational semantics and distributors ranges over groupoids. The groupoid
structure of the model gives the possibility to define an action of type isomorphisms on
polyadic terms. A quotient induced by this action guarantees the preservation, up to iso-
morphism, of the semantics under reduction. Concretely one has that [M] = [N] whenever
M — N and the natural isomorphism is given by reduction of polyadic terms.

Inspired by these lines of thought, Olimpieri [43] introduced intersection type distributors,
a categorified version of intersection type disciplines, where subtyping and denotational
semantics are both taken into account. Intersection type distributors are a syntactic present-
ation of bicategorical denotational semantics for the A-calculus given by Kleisli bicategories
of distributors for suitable pseudomonads. Each pseudomonad taken into account gives rise
to a notion of intersection type, with specific resource behavior?. The semantics obtained by

L The rigid Taylor expansion is a deterministic variant of Ehrhard and Regnier’s Taylor expansion (25, 26].
2 Tt is worth noting that this new semantic setting is not a special case of [41], as standard polyadic
terms fail dramatically subject reduction for intersection type distributors. The failure of subject
reduction happens because standard polyadic terms [47, 41] cannot encode all the gualitative information
produced by the subtyping feature of intersection type distributors. The interested reader can check
a counterexample in Appendix A. However, we believe that from [43] and the present work one can
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this method is proof relevant: given a term M, a type context A and a type a, we set

TU(M)(A>a) = {

: 7 is a type derivation for M }

AFM:a

where Ty (M) is the intersection type distributor that interprets M in an appropriate
category U of types, and 7 is an equivalence class of derivations. The equivalence relation
on derivations is induced by the composition of distributors, which generalizes the quotient
of [47]. We have that, if M — N, then Ty(M) = Ty(N). Categorification then allows us to
pass from a semantics of types to a semantics of derivations. Note that, in our setting, the
semantics of a term M associates with every type context A and type a the set of derivations
for M with conclusion A = M : a; while more coarse-grained models such as relational
semantics can only say if there is a type derivation for M with conclusion A+ M : a.

In the present paper, we introduce non-idempotent intersection type distributors in an
untyped call-by-push-value setting [33, 24, 39, 46|, the bang calculus. The call-by-push-value
paradigm subsumes call-by-name (CbN) and call-by-value (CbV), from both the operational
and denotational semantics standpoints [39, 33]. In this respect, our work is more general
than [43] (which considers only the CbN A-calculus). Moreover, inspired by linear logic, the
bang calculus internalizes in the syntax the !-operator, which semantically corresponds to
the monadic operator to handle resources. In this way, it is more natural to link syntax
and semantics and to disentangle our investigation from the evaluation mechanism. Here we
focus on a particular monadic construction (the symmetric strict monoidal completion, see
Section 2) and we do not extend the more general and abstract method of [43] to the bang
calculus because in this way we can avoid introducing too much categorical background.

Our categorical approach allows the introduction of a suitable category of types, where
morphisms between types are a generalization of subtyping. Given a type morphism a’ — a,
the intuition is that the type a’ somehow refines the type a. We prove that non-idempotent

intersection type distributors characterize normalization at depth 0 in the bang calculus.

Normalization at depth 0 in the bang calculus is a notion that encompasses both CbN
solvability [2, 37] and CbV potential valuability [45, 11]. The argument to prove this result is
combinatorial and standard (similar results for the bang calculus are proved in [24, 8] using
relational semantics), but thanks to the categorified setting we gain a much more fine-grained
understanding of the dynamics of type derivations under reduction. Indeed, in our setting,
subject reduction and expansion (Theorem 12) clearly open the possibility to define an
explicit deterministic reduction relation on (equivalent classes) of type derivations, but the
investigation of this line of thought is left to future work. We just notice that the substitution
operation on type derivations is strictly linked to morphism composition, respecting the basic
intuition of categorical semantics: substitution corresponds to composition.

Outline. Some preliminaries and notations are presented in Section 2. Section 3 shows how
the category of distributors Dist can be seen as a generalization of the categories Rel of sets
and relations and Polr of preorders. In Section 4 we define a proof-relevant denotational
model of the bang calculus in Dist as a generalization of non-idempotent intersection type
systems and we prove a semantic characterization of depth 0 normalization in the bang
calculus. Conclusions are in Section 5.

define an approximation presheaf in the sense of [41] that is also a denotational semantics, i.e., a
pseudomorphism in that context, which supports subtyping. This generalization is left to future work,
but is clearly in the spirit of the general Grothendieck construction of [41].
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Terms: ST, U=z | Ae.S | ST | S (set: A)
Contexts: C:= []| zc|cS|Sc|c (set: A¢)
Ground Contexts: G:= []] \z.G|GS | SG (set: Ag)

Root-step: (Az.S)T' =y, S{T/x}
—p -reduction: S =T & ACe!N, IS T'e!A:S=C[S], T=C[T'], S —¢ T
—, -Teduction: S =, T & 3G €A, 38T elA:S=G[S), T =G[T'], S~ T

Figure 1 The bang calculus: its syntax and reduction rules.

2 Preliminaries

The bang calculus. The syntax and operational semantics of the bang calculus [33] are
defined in Figure 1. Terms are built up from a countably infinite set of variables (denoted
by x,y, z,...). Terms of the form S' (resp. A\z.S; ST) are called bozes (vesp. abstractions;
(linear) applications). The set of boxes is denoted by !A;. The set of free variables of a term
S, denoted by fv(5), is defined as expected, A being the only binding construct. All terms
are considered up to a-conversion. Given S,T € !A and a variable z, S{T'/x} denotes the
term obtained by the capture-avoiding substitution of T for each free occurrence of z in S.

Contests C and (with exactly one hole [-]) are defined in Figure 1. We write C[S] for the
term obtained by capture-allowing substitution of the term .S for the hole [-] in the context
C. Ground contexts G are the restriction to contexts where the hole is not inside any !.

The bang calculus is the set A endowed with reduction —y, (Figure 1), which is confluent
[33]. Intuitively in the root-step 1, the box-construct ! marks the only terms that can be
erased and duplicated: a (-like redex (Az.S)T can be fired only when its argument is a box,
i.e. T =U": if it is so, the content U of the box T replaces any free occurrence of z in S.

Reduction —,, € —y, is said at depth 0 and defined as the closure of —y, under ground
contexts (see Figure 1): it does not reduce inside boxes. It has the diamond-property [33].

» Example 1. Let A = Az.zz'. Then AN — b, AN —b, -+~ (and so AN = AN =y, ...

» Definition 2 (Clash). A clash is a term of the form S'T or T(\z.S).
Let S € A: S is clash-free if and only if it contains no clash; S is clash-free at depth 0
if and only if each clash occurring in S is under the scope of a !.

For instance, (Az.z)(x'y)" is clash-free at depth 0 but not clash-free. Roughly, a clash is
a “meaningless” term that cannot inherently be typed (see [24, 8]): boxes cannot be applied,
abstractions cannot be the argument of an application.

The bang calculus can be extended (see [24]) with the reduction —,=—5, U =4, U =4,
where —,,, =4, and —,, are the contextual closure of the following rules, respectively:

(A.S)TU =4, (Az.SU)T Ay Az.S)T 4, Ax.(Ay.S)T T(Az.S)U) =y, (Ax.TS)U

with « ¢ fv(U) in 4, and —,,, while ¢ fv(T)U{y} in —,,. We set —p, =—p U —, and
—boy = b U o, Where —, = o1, U o, U oy, and o, 18 the closure under ground
contexts of —,, for 7 € {1,2,3}. Reductions —, and —,, are strongly normalizing [24] and
can “unveil” hidden b-redexes and hidden clashes. For instance,

((Az.A)z)A —ou, (Az.AAYz ((AYAT.2)Y) =0y, T(A2.(AY.2)Y)

where ((Az.A)z)A' is b-normal but (Az.AA")z is not (—p, can fire the b-redex AA'), and
z((Ay.Az.2)y) is clash-free but x(Az.(Ay.2z)y) is not (not even at depth 0).
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Integers and Permutations. For n € N, we set [n] = {1,...,n}, so [0] = 0. The set of
permutations over [n] is denoted by S,,. We define the category PP of integers and permutations:
the objects of P are ob(IP) = {[n] | n € N}; the identity on [n] is denoted by 1,;

Sp, ifn=
the homset from [n] to [m] is P[[n], [m]] = q)n ltz m
otherwise;

the category P is symmetric strict monoidal, with tensor product given by addition:
[n] @ [m] = [n+ m]. Given ¢ € Si, and 7 € Sy,, we define 0 ® 7 € S, 1%, as

o(4) if1<i<k
7(i— k1) + k1 otherwise.

(c®7)(i) = {

Given ky, ..., k, € Nand o € Sy, we define o1 [3; () kil = [Xo;ep) Foi)] as 6(21;11 kr+
p) = Zlil ko) +p, where I € [n] and 1 < p < k().

r=1
Symmetric strict monoidal completion. For a list @ = (ay,...,ax), we set len(d) = k.
Lists are denoted by @, b,C. .., concatenation of two lists @ and b is denoted by a & b.

Let A be a small category. For each object a € ob(A), the identity morphism on a is
denoted by 1,. The symmetric strict monoidal completion !A of A is the category:

ob(!4) = {{a1,...,a,) | a; € A and n € N};

Ala, - an), (o, )] = {{<J’f1""’f"> [ fiiai > a0 €5} ifn =

0 otherwise;

for @ = (ai1,...,a,) € ob(lA), the identity on @ is 1z = (15, 1ay,-- -, La,);
for f= (o, f1,....fa):@—band g = (T,g1,...,0n): b — &, the composition is go f =
(T0,90(1) © f1s+ -3 Go(n) © fn);
the monoidal structure is given by list concatenation. The tensor product is symmetric,
with symmetries given by the morphisms of the shape (where o: [n] — [n] is a permutation)

—,

<07 1> <CL1, s 7an> - <a0'(1)a . 'aao(n)>

Given a permutation o: [n] — [n] and di,...,d, € ob(lA) with len(@;) = k; we define
o*: @), di = B oy as (0, 1ay,-- -, La,), where k = Dicin K-
We use the following shortenings: !A™ = (IA)™ and !A°P = (14)°P.

Bicategory. We assume the reader to be familiar with bicategories [3, 6] and two-dimensional
monads [5]. Some basic notions are briefly recalled in Appendix A. For a diagram F': C — D,

its colimit is denoted by h_n; F(c). Given a bicategory C, C°P is the bicategory obtained by
ceC
reversing the 1-cells of C, but not the 2-cells.

3 Rel, Palr, Dist

We sketches the structure of some categories providing denotational models of linear logic.
We use linear logic notations for cartesian products, comonads modelling exponentials, etc.

Rel. A simple model of linear logic is the category Rel of sets and relations. It is a prototype
of quantitative semantics: the interpretation of a program gives information about its resource
consumption during computation. Intuitively, an element in a set represents a non-idempotent
intersection type. For the bang calculus, this model has been studied in [24, 33].
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Categorifying Non-ldempotent Intersection Types

Objects of Rel are sets, and morphisms of Rel are binary relations. Identities are diagonal
relations. Composition of morphisms in Rel is the usual composition of relations

gof={{z,2)|FyeY ()€ f, (y,2) g} for fCXxY and g C Y x Z.

For X7, X5 € ob(Rel), the cartesian product X; & X5 in Rel is the disjoint union of sets
X7 UXe = ({1} x X1) U ({2} x X2), where projections m;: X7 & Xo — X, (for i € {1,2}) are
injections {{(i,z), ) | z € X;}, and the terminal (and initial) object T is the empty set 0.

Rel is a symmetric monoidal category, where the tensor X ® Y is the cartesian product
of sets X X Y and its unit 1 is an arbitrary singleton set. It is closed, with X —oY = X xY
and evaluation evx y: (X —Y) x X — Y defined by {{({{(z,y),2),y) |z € X,y € Y}.

Rel comes with an exponential comonad (!, der, dig). The functor ! is given by | X = M¢(X)
(finite multisets over X') and, for a morphism f € Rel[X, Y], !f = {{[z1,.. ., @n), [Y1,- -, Yn]) |
n €N, (z1,y1), -+, {Tn,yn) € f}. Dereliction dery € Rel[!X, X] is {([z],z) | x € X}, and
digging digx € Rel[lX, !XT is {(m1 + -+ + mg, [m1,...,mg]) | m1,...,my € 1X} (for two
finite multisets @ = [ay,...,ax] and b = [by,...,b,], we set @+ b = [ay,...,ax, b1,...,by,]).

Polr. To work within a more informative setting, providing not only quantitative, but also
qualitative information, consider the category Polr of preordered sets and monotonic relations
[21, 23]. Intuitively, given two types a and b, if @ < b then a is an approximant of b. All the
constructions in Polr are a refinement and generalization of the ones for Rel.

In Polr, objects are preordered sets; a morphism f from X = (|X],<x) to Y = (||, <y)
is a monotonic relation® from |X| to ||, i.e., if (z,y) € f with 2’ <y z and y <y y then
(«',y') € f. The identity at X is {(z,2’) | # <y 2’'}. Composition preserves monotonicity.

In Polr the cartesian product X; & A5 is the disjoint union of sets |X;| U |Xz| with the
preorder <y, U <y, defined as (i,z) <x,ex, (J,y) if i = j and <y, y. The terminal object
T is @ with the empty order. Projections m;: X1 & Xo — X; are m; = {{{(i,z),2') | x <, 2’}

Polr has a symmetric monoidal structure. The tensor X; ® X5 is the cartesian product of
sets with the product order. The endofunctor X ® __ admits a right adjoint _ —o ) defined
as follows: |X — Y| = |X| x |Y] and (z,y) <x—y (2/,¢) if ' <y x and y <y y'. The
evaluation morphism evy, x,: (X1 — Xo) & Xy — X is {({{z,y),2"),y) |z <2', y < y'}.

Polr has exponential comonad (!, der, dig).* The endofunctor !: Polr — Polr is given by
X = (Me(1X]), <p) with [z1,...,2,] <ix [2],...,2,] if n =n' and there is 0 € S,, such
that z; < @7 ;) for all 1 <i < n; for f € Polr[X, V], we set If = {([z1,...,@nl, [y1, - wk]) |
(zi,yi) € f, k € N}. Dereliction dery: !X — X is {{[z],2") | z <x 7'}, and digging
digy: 1X = WX is {{m, [my,...,mi]) | m <ix m1 + - +myp}.

Rel is the full subcategory of Polr where objects are sets equipped with the discrete order.

Polr as a model of the bang calculus. A categorical model of the bang calculus [23, 24]
consists of a %-autonomous category (4,®,1,—o,(—)"1), cartesian with product & and
terminal object T (and, by x-autonomy, cocartesian with coproduct @ and initial object 0),
endowed with a comonad (!, der, dig) with suitable Seely isomorphisms [23, 33]. Also, we

In [21, 23], monotonicity is slightly different, so that the type system generated by the model is covariant
on the left of - and contravariant on the right of . With our definition, the type system generated by
the model is contravariant on the left of - and covariant on the right of -, in accordance with [1].
Akin to [21] and unlike [23], our exponential comonad is based on finite multiset construction. But our
preorder on !X is different from [21]: there [a] <ix [a,a] (idempotency is a sort of approximation), here
[a] and [a, a] are incomparable, so that approximation is completely independent from idempotence.
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Derivation rules:

Types:
/
<
a::l‘€X|[al,...7ak]40a|[ah“.’ak} a sy a
zi:[],.mic ], an i [JF2ica
Preorder <y in U: 'S:m-—oa TI'FT:m A<y TRT’
mgxl‘/ m/SUT)’L aSUa/ AFST :a .
. keN . ; ,
<y (m—oa)gU(m’—oa’) N'iES:ar #€Y TpkES:ar A<y ®Z_:1FZ
k .
oc€eS; a1 <y a;(w keN  qy SU‘I;(k) ®i:1FiFS tax, ... ak]
; - A,x:mbES:a
< o
a1, ] v fan, - aal AFXz.S:m-—oa

Figure 2 Non-idempotent intersection type system R< associated with the preorder U in Polr.

require that 0 = T. An extensional model of the bang calculus is then an object U € ob(A)
such that U = U & (IU — U). To have a non-extensional model for the bang calculus a
retraction U & (IU — U) < U is enough.

We build a retraction in the category Polr. We define a family of preoders as follows:

Uy = X (any preorder) Upy1 =10, U ((\U, — U,)UX) (1)

We define a family of canonical inclusions (¢, : Uy, <> Upi1)nen as to = tx (the inclusion
X = XUu (X - X)uX)) and tpy1 = lep U (e, — tn) U 1x), so the preorder U, is
just the restriction to the elements of U, of the preorder U, ;. We set U = hHm U,, that

neN
is a directed colimit of the directed diagram (;);en. It is easy to check that there exists a

canonical inclusion ¢ : U U(IU — U) < U and that we have a retraction |U & (IU — U) < U.

We can define the interpretation of the terms of the bang calculus in Polr. Let S € |A

and fv(S) C & = (1, ..., x,) with the x;’s pairwise distinct. The semantics (or denotation)
of S is a monotonic relation [S]z : {U®™ — U defined by induction as follows:
[z:]z = {{[]),---,[d],...,[]),a) | @ <a} ([a'] is in the i*® position in ([],...,[@],...,[]));

[\y.T]z = {(A,«({m,a))) | (A ® (m),a) € [T]za,)}, where y ¢ Z;
[5T]z = Upew Ur prev- (A, @) | (T, e({m, a))) € [S]z, (IV,u(m)) € [T]z and A <yn»
rel’};

[[T!Hf = UkeNUPl,“.,erUn{<A’[alw"aakD (I'i,a;) € [T]z and A <yn ®i‘€=1 L}

|
where if I' = (myq,...,m,) and TV = (m],...,m}) then TQT' = (my+m),...,m,+m).

Ehrhard [23] showed this is a denotational semantics. By setting m — a = (m,a) € U xU,
we can give a type-theoretic description of the preorder U as in Figure 2. Such a type system
R< is similar to de Carvalho’s non-idempotent intersection type system R [16, 17]. The
main difference is that in R< types are elements of a preorder U (an object of Polr), while in
R types are elements of a set U (an object of Rel). The additional information provided by

the preorder accounts for approrimation: if a <y b then the type a approximates the type b.

This is evident in the rule for the variable in Figure 2: o’ can be seen as a subtype of a.

By easy inspection of the definition, (A, a) € [S]z if and only if A F S : a. In other
words, the semantics of a term S is the set of conclusions of the type derivations for S. The
semantics is then a semantics of types in the non-idempotent intersection type system R<.

We now try to shift our standpoint. In system R<, let us try to define a semantics of
™
proofs. Given a term S, a context A and type a, we set [S]z(A,a) = { : |meR<
FM:a
It is easy to see that this proof-relevant structure is not a denotational semantics. Indeed,

38:7
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the reduction over type derivations in system R< is non-deterministic, since it deals with
multisets. Take (Az.(yz')z")S" =, (yS')S' and the following type derivation:

yilla—la —cFy la—<la—c zlarz:la zlafza
y: [[a] — [a] — ], z: [a] F y2's [a] ¢ z: [a] k- 2" [a] m 2
y: [[a] — [a] — c], 22 [a,a] F (y2)2': ¢ T FS:ia Tk S:a
y: [[a] —o [a] — ] F Az.(yz)2': [a,a] — ¢ ek S [aaq

I ®@Ta,y: [[a] — [a] — ] F (Az.(y2")2)S": ¢
Suppose that  and z are not free in S and that 71 # me. Then if we consider the reduct
(yS")S' we have two possible choices for the typing, 7{m /21, 72/22} or 7{ma/21,71/22}. This
non-determinism stems from the multiset structure, but we shall see that simply passing to
a list-oriented framework does not solve the problem. A natural way to make this kind of
structure a denotational semantics is the lifting to Set enriched distributors.

From Rel and Polr to Dist. We recall a basic but pivotal fact: a relation f C X XY can be
identified with its characteristic function xs: X xY — 2 where 2 = {0, 1} is the two-element
boolean algebra with sum (join) and product (meet). Composition is then defined as

Xgof(x,2) = Z Xg(y:2) - xr(z,y) where x7: X XY —2and x4: Y xZ = 2. (2)
yey

All the constructions in Rel and Polr can be reformulated in this characteristic function
perspective. For instance, in Rel, the identity at X becomes the characteristic function of X.

In Polr, a monotonic relation f from X = (|X|,<x) to Y = (]Y|,<y) can be seen as a
monotonic characteristic function xs: X°P x Y — 2, where X°? = (X, >x) and 2 is endowed
with the boolean order. Any preorder X = (|X|, <x) forms a category where ob(X) = |X|
and X[z, 2] is a singleton (if © <y 2’) or the empty set (otherwise), so X°P is the opposite
category of X. Thus, xy: X°? x YV — 2 is a bifunctor, contravariant in X and covariant in
Y. The semantics of a term S is then a Polr morphism [S]z : ({U®™)°P x U — 2.

It is then natural to generalize the characteristic function viewpoint to generic categories,
which gives rise to the notion of distributor (also known as profunctors).

Dist. For two small categories A, B, a distributor F': A - B is a functor F': A°? x B — Set.
Composition of distributors relies on the notion of coend, a kind of colimit (a coequalizer).

» Definition 3 (Coend, [40]). Let F': C°?xC — D be a functor. A cowedge for F is an object
T € D together with a family of morphisms w.: F(c,c) — T such that diagram (3) below
commutes, for f:c— . A coend for F, denoted by fcec F(e,c), is a universal cowedge.
F(d,¢) FUD, F(c,c)
[Fa.n Jwe (3)

F(d,d) —2 T

We now define the bicategory Dist of distributors. For a proper presentation of the
structure of this bicategory we refer to [10, 12, 27, 30].

0-cells are small categories A, B,C'...; 1-cells F': A -» B are distributors, i.e. functors

F: A°P x B — Set; 2-cells a: F' = G are natural transformations.
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Given any O-cells A and B, 1-cells and 2-cells are organized as a category Dist(A, B).
Composition « x 8 in Dist(A4, B) is called vertical composition. We define the zero
distributor 04 g € ob(Dist(A, B)) as 04 g(a,b) =0 for all a € ob(A) and b € ob(B).
For A € Dist, the identity 14: A - A is Yoneda’s embedding 14(a’,a) = A(ad’, a).

For 1-cells F': A - B and G: B - C, their composition is given by

beB
(Go F)(a,c) = / G(b,c) X F(a,b)

Note the analogy with (2). Composition is only associative up to canonical isomorphisms.

For this reason Dist is a bicategory [6].

The cartesian product A & B is the disjoint union A U B of categories. The terminal
object T is given by the empty category. The bicategory Dist admits also coproducts,
with A @ B = AU B (the canonical inclusions are denoted by ¢4 and ¢5) and 0= T.
There is a symmetric monoidal structure on Dist given by the cartesian product of
categories: A ® B = A x B, with any one-object category as a unit. The bicategory of
distributors is monoidal closed, with linear exponential object A — B = A°? x B.

The symmetric strict monoidal completion of a small category A (Section 2) lifts to
an endofunctor in Cat, by setting !F({a1,...,a,)) = (F(a1),...,F(ay)) for any functor
F: A — B. The endofunctor ! can be extended to Dist, determining a pseudocomonad
(!, digy,dery) on Dist [27, 30]. The two components of the pseudocomonad are defined
as follows: dig, (@, (a1, ...,a,)) = 'Ald, @;_, a;] and dera(a@,a) = A[d, (a)]. The Kleisli
bicategory KI(!)(Dist) is the bicategory of categorical symmetric sequences [30], biequivalent
to the bicategory of generalized species of structure [27, 28]. There are Seely equivalences
(A& B) ~!A x !B and !T ~ 1, pseudonatural in both A and B [27].

4 A Type-Theoretic Non-Extensional Model for the Bang Calculus

Distributors-Induced Model for the Bang Calculus. The bicategory of distributors fulfills
a bicategorical generalization of the categorical model of the bang calculus shown in Section
3.5 However, we leave the proper development of a general notion of bicategorical model for
the bang calculus to future work, since the notion of symmetric monoidal bicategory is highly
non-trivial. For our purpose, it is enough to present a denotational model inside a particular
bicategory, i.e., the bicategory of distributors. A denotational model in this setting will be
an interpretation of bang terms as suitable 1-cells, such that [S]z = [T]z if S —¢ T. In

particular, we want [S]z: ({U®™)°P x U — Set (for len(Z) = n), with \U & (\{U — U) < U.

The intuition is that, in Dist, O-cells represent types (and in our untyped setting, they satisfy

a retraction), 1-cells represent type derivations and 2-cells represent reduction on derivations.

We build the retraction in Dist, in analogy with the construction (1) in Polr. Indeed, they
are both special cases of the free-algebra construction for an (unpointed) endofunctor [36]. We

recall that, in Dist, A& B=AUB, AQ B=Ax B (so A®" = A") and A — B = A°" x B.

» Definition 4. Let A be a small category. We define a family of small categories (Up)nen by:
Uy=A Unt1 =0, U ((WUP xU,) U A)
5 The only delicate point is the x-autonomy of the bicategory, since it does not exist in the literature

a notion of x-autonomous bicategory. However it is possible to equip distributors with a dualizing
pseudo-endofunctor, as shown for example in [12, 27].
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Types: Derivation rules:
a:=x€A|{a,...,ax) = al{a1,...,ak) fra' —a
z1: (o zii{d), . an i Qb aia
Morphisms in U: 'S:@a=a I'FT:@a n:A->TIQI
feA[z, 2] (o,f):@ —a fa—d AFST:a X
- INE kEN DL F S A — C I
feU,e]  (0,f}= f:(@=a) = (@ = a) e RToTOe T Qs
A S (a1, .. a)
. / . / ’ )
€S firar = ayqy o foian = ag, Az:dFS:a
<U,f1,...,fn>3<(11,...,(1n>—><(1/1,...,(1,/n> AFAmSﬁ::}a

Figure 3 Non-idempotent intersection type system R_, associated with the O-cell U in Dist.

We define a family of inclusions (i, : Uy, < Upi1)nen in the canonical way:
Lo =1t4 b1 = en) U ((Men)P X 1) U 14)
Then we set Uy = @ U,,. From now on, the 0-cell U4 will be simply denoted by U, keeping
neN
the parameter A implicit. We denote by &, : U, U (IUSP x U,,) < U, the canonical inclusions.
» Lemma 5 (Inclusion). There exists a canonical inclusion ¢ : U U (IU°P x U) — U.

Proof. Since U is a filtered colimit, we have U U (IU°P x U) = lim U, L (hg IURP x lim Un),

neN neN neN
and so we can explicitly define the inclusion functor as ¢(a) = y;+1(§;(a)) where j = min{n €
N|aeU, U (WU xU,)} and yj41: Uj41 — U is the canonical injection of Uj41. <

» Theorem 6 (Retraction). We have that \U & (IU — U) < U in Dist.

So, the 0-cell U is a (non-extensional) denotational model of the bang calculus. By seeing
the objects of A (resp. U) as the atomic types (resp. types) and setting @ = a = (@, a) € \UXU,
we give in Figure 3 a type-theoretic description of the 0-cell U. This non-idempotent
intersection type system, called R_,, is the generalization in Dist of the system R< in
Figure 2 associated with Polr. A morphism f: ¢ — b in Figure 3 can be seen as a witness in
Dist of the subtyping relation between a and b, generalizing a <y b of Polr.

Semantics of Bang Terms. We now present the semantics (or denotation) of bang terms
as distributors in the bicategory Dist. We recall that ¢: U & (IU°P x U) — U. Let

= (51, .. .,b;), A= <b_’i, . .,bZL> € 1U™. A morphism n: I' = A is a list of morphisms n =
<<O’1, f1>, ey <O'n, fn>> I' — A where <Ui7 f1> bl — b; Weset QA = <b1 @bll, PN bn@b/n>
This tensor product inherits the relevant structure from @. In particular, the symmetries

—

G ®f=1 T, — ®f=1 [4(iy are built from the o* construction presented in Section 2.

» Definition 7 (Semantics). Let S € A and fv(S) C & = (x1,...,2,), with the x;’s pairwise
distinct. The semantics [S]z: U™ - U of S with respect to T is defined by induction on S:
[z:]z(A, a) = WA, ((),....(a),... )] ({a) is in the i" position in ((),...,{(a),...,()));
Sz A®{ad),a if a = ({d,ad
0 otherwise.

aelU pI'y,I2€lU™
[ST1=(A,a) =/ / [S]&(T'1, (@, a))) x [T]#(T2, (@) x (WW")(A, Ty @Ty);

, where y ¢ Z;
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38:11

fid >a gof:a —b
[g:a%b}( ) =
1), mi (), me s Y a 21 Qe (@), @y Qe d
B P ol {1, (0, 9))}
[{o.5) = g: (@=a) 2> 0= Az:d-5:a = Az:bFS:b
AbXzS:a=a AFAz.S: b= b
L Ly M=gm im
lgra=lrrsidasa TorT:d nA-T & T RS:ida=b TobT:d nmA—-TieT
AFST:a AFST:b

k k
( LT ) :ﬂ-;
[(U7§): 6_>b] FiI—S:ai i=1 T]ZA—)®,];:1 | = Fg—l(i) "SZagfl(i) =1 5"7107]2A4)®§:1F

o= 1(4)

AFS“&':((ZL,..‘,%) AFS|5:<b1,,bk>

Figure 4 Left action on derivations. In the last identity, on the right, 7, = [go—l(i)}ﬂ'a—lu),

Ii,....TxelU™ k k '
[S15(Aq) = / il;[l[[S]]g(Fi7ai) x (U )(A,g)ri) ifa=1({ay,... ax))

0 otherwise.

Given (A a) € U™ x U we call points the elements of [S]z(A,a). From now on, when we

write [S]z we always assume that fv(S) C & = (z1,...,2,) and the z;’s are pairwise distinct.

The semantics of a term S is a functor [S]z: (1U™)°P x U — Set. As such, it must be
defined on the objects of the category (1U™)°P x U (as done in Definition 7) and on the
morphisms of the category (1U™)°P x U. The action on morphisms (omitted in Definition 7) is
given by induction on S and, in the application and bang cases, also by the universal property
of the coend construction. The variable case is just the hom-functor. An explicit definition
of the application and bang cases can be given by considering coends as coequalizers [44].

Non-idempotent Intersection Type Distributors. We aim to define the non-idempotent
intersection type distributor Ty (S)z for any term S. Let 7 be a type derivation in system
R_,, as defined in Figure 3. The left and right actions of morphisms on 7 are defined in
Figures 4 and 5, respectively (by induction on 7). Given f: a — o’ and 6: A’ — A, the left
and right actions may change the conclusion of a type derivation:

. [fln " {6}
left: [f] ( : ) ~ : right: ( : ) {0} ~ :
AFS:a AES:d :

Notice the contravariance of the right action, and that [f](7{0}) = ([f]=){0}.
We define ~ as the smallest congruence on type derivations generated by the rules in

—_~—

Figure 6. We denote by 7 the equivalence class of 7 modulo ~. Note that [f]7{60} = [f]7{0}.

» Example 8. We give a couple of examples of the equivalence ~ between type derivations
in system R_,. The intuition is that ~ equalizes type derivations for the same term and with

the same conclusion, where the “same” permutations are performed at different moments.

Let f: a’ — a be a morphism between types a’ and a. One can think of them as, e.g.
a = (*, (x) = x) and o’ = ((*) = *,*) with f = 0 = 1 being the obvious permutation.

CSL 2021
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fid —>a , fog:b—a
- {{g:b—d)} =
i), mi (), O F e w12 ()i () an s (JEwita
; w10 (1))
Awiarsia [0 = aear s
AFXe.S:d=a AFAeS: di=a

Ust T2 o1 2

I FS:id=a TobT:d n:A-Diol |0 =1 rsia=a ThrT:d no6:A STy @l
AFST:a A'F+ST :a

e k e k
(FH—S:a)il 77:A—>®?=1F,- 0y = (Fﬂ—s:ai)il UOQ:A/—>®?=1F1Z
AF S ay,...,ax) A'F S i day,. .. a)

Figure 5 Right action on derivations, where : A" — A.

s 1. Let us type the term zz' with the following type derivation 7 (where A = ({a) = a,a),

388 A= (d,{a) = a) and (12) € S5 is the swap permutation on {1,2}):
le:a—a
Lysa: ({(@) = a) = ((a) = a) z:{@)Fz:ia l@:(a) > (a)
* z:((@)=a)ba:(a)>a z:{a) 2 : (a) (12), f, 1yma): A'— A
z:(d,{(a)=>a)Faxz':a
390 Now consider the following type derivation n" (with A” = ({a) = a,d’))
f:d —a

Lay=a: () > a) = ((a) = a) @:{a)Fzia 1y () = ()
z:{{a)=>a)Fz:{a)=a z:{a)F ' (a) ((12),10, 1(ayma): A" — A"

391

x:{d,{a) = a)Faz' :a

302 Compared to 7, 7’ brings forward the morphism f. By the second rule in Figure 6, 7 ~ 7’.
03 2. Let us type the term (Az.z)z' (we omit the index on the identity morphisms 1):

fid —a l:a" —d
x:<a/>kx:a z:(a')l—z:a/ 1:<a'>—><a/)
S
* Far.x:{(a)=a z:{a)F 2 (d) 1: {a’) — (a)
z:{d)F Oz.x)z' a
395 Now consider the following derivation (note the different position of f with respect to )
l:a—a fra'—=a
, z:{a)Fz:a z:{aYrz:a 1:(a') — (a)
396 - R ——
FAzx.z:{a) = a z:{d)F 2 {a) 1: (a’) — (a')
z:{d)F Oz.x)z i a
307 According to the first rule in Figure 6, m ~ «’.
398 Let S be a term and fv(S) C & = {x1,..., 2, } with the z;’s pairwise distinct. With any

o (A a) € ob((1U™)°P x U), the distributor Ty (S)z: U™ —» U associates the set of (equivalence
w0  classes of) type derivations for S with conclusion A S : a. Formally, Ty (S)z is defined by:

w
©
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™ (o, )] (o, f) = 1Jm i)
1 FS:b=a ToFT:b n:A-TieTy IibES:d=a TebT:d n:A—=T1®D
A ST :a AFST :a
7T1{91} 7T2{92} T T2

MbFS:d=a TobT:d n:A-T T, IFS:d=a IhET:d fon:A-TiRT

38:13

/

AFST :a AFST :a

( mi{0:} ) ( i )’“
FiFS:ai i1 n:A%@lel"i ~ AL ESai/ ®f:197;017:A—>®f:1F2
AF S :lay,. .. a) AF S :ay,. .. a)

—

Figure 6 Congruence on type derivations, where (o, f): @ — band 6 = 01 ® 02 with 0;: T'; — T'%.

1. for (A,a) € ob((IU™)°PxU), Ty (S)z(A,a) = : ’ 7 is a type derivation for S p;

A
2. for f:a — a and n:/é’/—) A, Ty (S)z(n, f): TU(E‘)S;(AG, a) = Ty(S)z(A’,a’) such that
Tu(S)z(n, [)(#®) = [flr{n} € Tu(S)z(A',d’) for any & € Ty (5)z(A, a).

» Lemma 9 (Functoriality). For any S € !A, Ty (S)z is a functor from (1U™)°P x U to Set.

The following theorem states that the distributor semantics induced by our category
of types U can be seen in a completely type-theoretic way. The semantics [S]z(A,a) of a
term S is equal to the set of (equivalence classes of) type derivations whose conclusion is the
sequent A - S : a. For this reason we have a bicategorical proof relevant semantics. This is a
major improvement over relational semantics, where the elements of the denotation of a term
are only witnesses of typability. Said differently, the relational semantics of S is just the set
of conclusions of the type derivations for .S, while the distributor semantics of S provides,
for any conclusion, the set of type derivations for S with such a conclusion.

» Theorem 10 (Proof-relevance). Let S € !A. There is an isomorphism of functors
Y: [S]lz Z Tu(S)z  which is natural in (A, a) € ob((1U™)°P x U).

Proof. By induction on the structure of S. The core of the proof is the remark that we can
write the equivalence relation induced by the coend in the application and box cases with
the rules in Figure 6. <

For any type derivation 7 in system R_, we define its size s (7) in Figure 7 (by induction on
7). It counts the number of rules for application in 7. Note that if 7 ~ 7’ then s (7) = s (7).
We also have that size is invariant under morphisms action: s ([f]7) = s (7{n}) = s (7).

Let ¢: [S]z = Tu(9)z be the natural isomorphism of Theorem 10. For a € [S]z(A,a)
we set s (a) =5 (Ya,q()), i.e. the size of a point « is the size of its derivation ¥a ().

Substitution and Reduction. We prove both subject reduction and expansion for non-
idempotent intersection type distributors. We enrich this result with a quantitative flavor,
accounting for how the size of points is affected by a reduction step. In this way, we can give
a combinatorial proof for the characterization of terms that are normalizable at depth 0.
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T

k
f:d —a > < : >
. -0 s ) ) k - S (7
<x<>z<>x<>m-a SI\nEsia) i 0ia @ | =2 s
AFI1S:{a1,...,aK)

!

s Ust 2

: o 3 : _

S(A,m:(i}—S:a)_s(ﬂ) S(HFS:@:ML FT:d 9:A—>r1®r2)—s(”1)+s(”2)“
AFXe.S:d=a A ST :a

Figure 7 Size of type derivations in system R_,.

The key ingredient is the substitution lemma below. We set:

ae\U ,ply,I1elU™ '
Subs.ar(A,a) = / / [0y (To @ (@), @) x [T']#(T'1, @) x WU™(A, To@T).

» Lemma 11 (Substitution). Let S and T be terms. There is an isomorphism of functors

w: Subs zr = [S{T/z}]z

natural in (A, a) € ob(({U™)°P x U) and such that s (goA}a((al,ag,n))) =s(a1) + s(a2).

Proof. By induction on the structure of S, via lengthy coend manipulations. The proof of
the application and list cases strongly relies on the fact that the tensor product of U is
symmetric. The proof of the preservation of sizes relies on the fact that size is invariant
under morphism actions and equivalence. Details are in Appendix A. <

» Theorem 12 (Subject reduction and expansion). Let S, T be two terms.

1. If S =, T then there is a natural isomorphism [S]z(A,a) = [T]z(A, a).

2. If S =y, T then [S]z(A,a) = [T]z(A,a) via a natural isomorphism oa . such that
s(oaa(a)) =s(a)—1 for any a € [S]z(A, a).

3. If S =, T then [S]z(A,a) = [T]z(A,a) via a natural isomorphism ¢a o such that
s(pa (@) = s(a) for any a € [S]z(A,a).

Proof. We prove the base case of Item 2, which follows from the substitution lemma
(Lemma 11). Let S = (A2.51)S5 1, S1{S2/x} = T. By definition, we have

aclU ry,Iel™
[S]2(A,a) = / / [\a.S1]#(T1, o((@,a))) x [Si]z(T2, @) x WU™(A, Ty @ T).

By definition of an abstraction’s denotation we have [Az.51]z(I'1,t((@, a))) = [Si]zq @) (T'1 @
(@),a). Then, [S]z(A,a) = Subs, «.5,(A,a). By Lemma 11, pa 4 : [(Az.S1)S2]z(A,a) =
[S1{S2/2z}]z(A, a). Again by Lemma 11, s (pa o(8)) = s (1) + s (az) for § = (a1, az,n) €
[S]z(A, a). By definition, we have that s (8) = s (ay) + s (az2) + 1. So, we can conclude.
For Item 3, a step —, just requires to rearrange the rule order in a type derivation. <

Roughly, Theorem 12.2 states that if S —,, T" then for every type derivation for S there is
a type derivation for T', with the same conclusion, whose size decreases by 1. In Theorem 12.1
such a quantitative account does not hold. Indeed, consider ((Az.z)y')' —p y': each of the
two terms can be typed with a derivation of size 0 (take the rule for boxes with 0 premises).
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» Example 13. We provide a simple example of reduction of type derivations to ease the
understanding of the congruence’s role in establishing the natural isomorphisms. Consider
S = (Az.x)y'. We type it with the following type derivations:

hofia—b g:ic—a hof':a —b g:c—ad
z:(a)Fx:b y:(okyia 1 z:(a)Fx:b  y:{gby:d 1
=" N g ! = ! ’
FXxz:{(a)=b y:{cgky :{a) 1 Flxxz:{d)=b y:(c)ky:{d) 1
y:le)F Oz.z)y' b y:{e)F Oax)y' b

Suppose that fog= f'og’ and h: b — b, f:a — b, f': a’ = b. We have that m; ~ .

Indeed, by the first rule of Figure 6:

h:b—b Jfogic=b h:b—b flogie—b
zi(bFa:b  yilFyib 1 wi(b)Fx:b  yi(dFy:b 1
T e 0 =b g by 1 2 Fowaib b yildby () 1
y:le)F Oazz)y' b yile)F Ozz)y' b

and, by the hypothesis fog = f'og’, we conclude that m; ~ w5 by transitivity. In particular,

this means that the quotient identify all couple of morphisms leading to the same composition.

Now, we have that S —,, y. Consider the following type derivation of y:

ho(fog):c—b
Ty = (note that s(m) =s(m2) = 1 and s (m3) = 0).
y:{c)Fy:b
By an easy inspection of the definitions we have that for oy 5 @ [S] () ({¢),b) = [yl ({c), ),
©(ey (1) = 73, where we keep implicit the isomorphism given by Theorem 10. There is

then a nice correspondence between substitution on the term side and composition on the
morphism side, that validates the basic intuition of categorical semantics®.

We prove that non-idempotent intersection type distributors characterize normalization
at depth 0, when normal forms are clash-free at depth 0. First, we characterize syntactically
the normal forms for —y,,, that are clash-free at depth 0. Consider the subsets !Aq, 'An, 1Ay
(whose elements are denoted by D, N, L, respectively) of lA:

(IAy) D:=x|DS'|DD" (A,) N:=S"|D|(Me.N)D (IA;) L==N|Az.L

All terms in A4 are not closed (they have a free “head variable”) and are neither a box nor
a B-like redex nor an abstraction. Clearly, !Aq C !A, and 'Ay C A, C 1A, with 1Ag NI1A, = 0.

» Proposition 14 (Syntactic characterization of clash-free at depth 0 normal forms for —1,5, ).

1. A term S is normal for —y,, clash-free at depth 0 and is neither a box nor a B-like redex
(i.e. nor of the form (Ax.S)T') nor an abstraction iff S € !Aq.

2. A term S is normal for —s,, clash-free at depth O and is not an abstraction iff S € A,.

3. A term S is normal for —y,, and clash-free at depth 0 iff S € !A,.

» Lemma 15 (Semantics vs. clash-free at depth 0). Let S be a term.
1. If [S]z # Own v then S is clash-free at depth 0.
2. If S is normal for —yo, and clash-free at depth 0, then [S]z # bn v.

5 The natural isomorphism 0oy ¢ 18]y (), b) = [wl(yy ({c),b) is a particular instance of Yoneda’s
lemma, for coends (see Lemma 20 in Appendix A), also known as the density formula for coends [40].
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Proof. 1. By induction on S € !A.
2. According to Proposition 14, we can proceed by induction on S € A,. <

» Theorem 16 (Normalization at depth 0). Let S be a term. The following are equivalent:
1. S is typable in system R_,;

2. [S]z # Ownu;

3. S is strongly —po,-normalizable with a normal form for —,,, that is clash-free at depth 0;
4. S is weakly —po-normalizable with a normal form for —y,, that is clash-free at depth 0;
5. 8 =§, T for some term T' that is normal for —ys, and clash free at depth 0.

Proof. The equivalence (1) < (2) is given by Theorem 10. The implication (5) = (2) follows
from Lemma 15.2 and Theorem 12. The implication (4) = (5) holds because —py, € —bo-
The implication (3) = (4) is trivial.

For the implication (2) = (3), as [S]z # Own v, there is a point o € [S]z(A, a) for some
(A,a) € ob({U™x U). Let kg be the sum of the lengths of all — -reduction sequences from
S to a normal form for —5_(such a kg exists because —, is strongly normalizing [24]). We
prove (3) by induction on (s (), ks) ordered lexicographically. If S is normal for —,,, we
are done by Lemma 15.1, as a € [S]z(A, a) implies [S]z # Oiy», . Suppose S =10, S'.

1. If S —,, 5, let p: [S]z = [9']z be the natural isomorphism of Theorem 12.3. Thus,

ono(@) € [S]z(A,a) and s () = s(pa (@) but kg = kg — 1.

2. If S =, 8, let : [S]z = [S']z be the natural isomorphism of Theorem 12.2. Thus,

p.0(0) € [ST(A,a) and s (0a.0(0)) = 5 (@) — 1.

In both cases, by i.h., (3) holds for S’. Therefore, (3) holds for S. <

5 Conclusions

In this paper, we recalled some well-known and linear-logic based categorical semantics
with an intersection type presentation. We showed that they can be generalized in the
bicategory of distributors. We defined non-idempotent intersection type distributors in
the bang calculus and provided a syntactic presentation of them as a non-idempotent
intersection type system generalizing De Carvalho’s system R [16, 17]. We proved that non-
idempotent intersection type distributors determine a proof-relevant denotational semantics,
and characterize normalization at depth 0 in the bang calculus via a combinatorial proof.

Perspectives. Reconciling the different techniques used in [43, 41, 47] to categorify—non-
idempotent or possibly idempotent—intersection types is the first and natural open question.
The (non-trivial) answer should rely on a subtyping-aware polyadic calculus to be defined.

Another line of research is the study of the extensional collapse [22] in the bicategorical
setting of distributors, which should shed new light on the link between non-idempotent and
idempotent intersection types. Relating the methods of [29, 43] should be a first step.

A relevant question immediately arises also for what concerns typed call-by-push-value
[23, 39]. The extension of our work to that framework is tricky, since the semantics of types
adds technical machinery. Moreover, we believe that difficulties similar to the ones found in
[13] in order to define the Taylor expansion could arise also in our perspective.

Other interesting perspectives are the investigation of the relationship between our
categorified rigid framework and rigid intersection types [49], and an extension of our
approach to probabilistic computation. This extension is far from trivial, but the results
of Tsukada, Asada and Ong [48] are encouraging, and the study of probabilistic Taylor
expansion [38] and probabilistic intersection types [7] might be a starting point.
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A  Appendix

Bicategories in a Nutshell [3, 6]. Intuitively, a bicategory is a category with “morphisms
between morphisms”, that is, where each hom-set itself carries the structure of a category,
but the composition of morphisms is only associative up to an isomorphism, and similarly
for the identities laws. Formally, a bicategory C consists of:

a set ob(C) of objects, also called 0-cells and denoted by A, B,C,...;

for all A, B € ob(C), a category C(A, B); objects in C(A, B) are called 1-cells or morphisms
from A to B; while arrows in C(A, B) (between 1-cells from A to B) are called 2-cells or
2-morphisms; composition of 2-cells is generally called vertical composition;

for every A, B,C € ob(C), a bifunctor

oa.Bc:C(B,C)xC(A,B)—C(A4C)

called horizontal composition (often the indices A, B,C in o4 p ¢ are omitted); hence,
for all 1-cells F: A — B, F': A— Band G: B— C, G': B — C, and for all 2-cells
a: F= F and 8: G = G’, we have

al-cell GogpoF: A= C a2cell Bogpca:(GoapcF)= (G oapcF');

for every A € ob(C) a functor 14: 1 — C(A, A); with an abuse of notation we identify
14(x) with 14 and we call it the identity of A;
for all 1-cells F: A— B, G: B— C and H: C — D, a family of invertible 2-cells

aggr:Ho(GoF)=Z(HoG)oF

expressing the associativity laws;
for every 1-cell F': A — B, two families of invertible 2-cells

)\FllBOFgF pF:FgFO].A

expressing the identity laws.
This data is subject to additional coherence axioms. A 2-category is a bicategory where the
associativity and identities are strict equalities, not only isomorphisms.

» Definition 17 (Retraction). Let D, E be 0-cells in a bicategory C. A retraction of D to F
is a couple of 1-cells i: E — D, j: D — E together with an invertible 2-cell 5 such that the
diagram below commute. We write E <1 D is there is a retraction of D to E.

o] 2/
E J

Coends. Given a functor F': C°P x C' — Set we recall that the coend is the coequalizer of
the following diagram

ceC
Z C(c',c)xF(c,c'):;ZF(c,c)—)/ F(c,c)

c,c'eC ceC
Where the parallel arrows are given by left and right actions of F' on morphisms f € C(c/, ¢).
Since we work with coends in the category of set, we have that this coequalizer is actually
given by the quotient } .~ F(c,c)/ ~ where the equivalence relation is generated by the
rule x ~ y iff F(f,c)(z) =y, Fle, f)(y) ==, for f: — ¢

We list the three fundamental lemmas of coend calculus [40].
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» Lemma 18. FEvery cocontinuous functor preserves coends.

» Lemma 19 (Fubini [40]). Let F : C°? x C' x D°? x D — Set be a functor. We have

(¢,d)eCx D ceC pd deD  pceC
/ F(qc,d,d)%/ / F(c,c,d,d)%/ / F(e,c,d,d).

» Lemma 20 (Yoneda Ninja [40]). Let K, H : C — Set be, respectively, a contravariant and
a covariant functor. We have the following natural isomorphisms

ceC ceC
K(_)g/ K(¢) x C(—,0) H(—)’:V/ H(c) x Cle, ).

Denotation under Reduction. In what follows we do not explicitly state, for readability
reasons, when we apply Lemmas 18 and 19. For I' = (I'y,...,T,) we set Q' = @, T;.

» Lemma 11 (Substitution). Let S and T be terms. There is an isomorphism of functors

w: Subs pr = [S{T/x}]z

—_~

natural in (A, a) € ob((IU™)°P x U) and such that s (@Ava(<a1,a2,’l7>)> =s(a1) + s(a2).

Proof. By induction on the structure of S € A, via lengthy coend manipulations.
If S = x then

To,T1€U™  ,de\U '
Subs . (A, a) = / / [2]#(To @ (@), a) x [T']z(T1,a@) x WU(A, Ty @ T'y).
By definition we have
Lo, €lU™  pae'lU ,
= | [ 0T @0 0 ) ¢ [(0,3) < WA To @ T).
Then, by the structure of the product category
Lo, elU™  paellU \
= | [ 0T 0 ) x W@ (@) % [7']a(T1, @) x WA Ty 0 ),
Then, by Yoneda (Lemma 20) we have
relu™ racll
~ / / U (@, (a)) x [T']+(T1,@) x WU(A,Ty).
Again, by Yoneda (Lemma 20),
el \
%/ [T7]2(T1, (a)) x WU(A,T).
Then, by applying Yoneda one more time on the context I' and by definition of the denotation
of a box we can conclude. For what concerns the size, simply notice that s (7) = s ([f]7) .

The abstraction case follows from the 7.h. immediately.
We do the application, the box case being similar to it. If S = QR then

Ty rd
Subs.ar(A,a) = / / [QRlse ) (T1 & (@), a) x [T']a(Ta,@) x U (AT ® T).

38:21
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74 We develop [QR]zg ) (T'1 @ (@), a) :

I, @(d1),Th@®{(@2) rb ~
[QR] 0 (T1 @ (@), a) = / / [Qlio (T ® (@), 15, 0))

s X [Rlza (@) (T @ (@), 0) x U™ (T & (@), T} @ (@1) @ T & (@2)).
s By the structure of the product category, we have
Ty pd1,dz , -
QAo T o @0 = [ [ / [Qro o) (T & (@), (5. )
x [Rle ey (Ty @ (@2),b) x U™y, T @ Th) x U (@, @) @ do).

728 We apply Yoneda (Lemma 20) on I'; and on @ and we get

DTy 0o fb,dr,de . .
SUbS,z,T(Aa a) = / / [[Q]]f@(z) (Fll D <61>7 [’(ba a’)) X [[R]]f@@c) (F/Q D <a2>7 b)
739 X[[T!ﬂf(rg,c_ﬁ@é:g) X !Un(A, (F’1®F’2)®F2)
0 By a simple inspection of the definition of the denotation of a box, we can rewrite it as
I} Tg, T2 pb,d1,dz . . '
= [ Qe (T @ (@0),0(F0) % Rl (T @ (@2),)  [1']s(Ta,, )
< [T']#(Ta,, d2) x WU"(,T2, @ Tz, @ Q) Ta,) x WA, (T} @ Ty) @Ty).
2 Where, if we set @ = (a;1,...,0ik), [T1zTa,,d) = Hjek:i [Tz ,a;;) and Tz, =
w o @jep, iy with i € {1,2}. We apply Yoneda on I's
Ui Ta, bd1,dz ~ ~ ‘
= [ [ Qs (T @ @)fF.0)) x (R (T @ (@2).5) x [7']a(s, 1)

x[T']#(Ta,, d2) x WA, (M @ Th) @ (R)Ta, @ R)Ta,))

75 Now, by the symmetry of the tensor product ® and by the fact that functors preserves
s isomorphisms, we get

Ui Ta, b,d1,dz ~ _
= [ [ Qs (T @ @).fF.0)) x (R T @ (@2).5) x [7']3(Cs, 1)
< [T']#(Ta,, d2) x W"(,T2, R Tz, @ Q) Ta,) x WA, (M} @ Ta,) ® (I ® Lg, ).
748 Now, if we apply Yoneda twice to I'; ® T'z,, we get
F;,ng,Ai b,al,az -
= | [ Qo (T @ (@) .0  [Rlio (T © @2).5) x [T, a)
< [T']#(Ta,, @2) x ™A, A @ Ag) @ WU™(ALT] @ (R)Ta,) @ W™ (Ag, Th @ R Ta,).

70 By co-continuity and commutativity, and by applying Yoneda (Lemma 20) twice, we have
b pDyTa Ar®y ri ) |
= / / / [Q)z ) (Th @ (1), ¢(b, a)) x [T'](®1,d1)
X" (@1, QY T5,) X U (A1, T @ @)

I%.Tay, 00,32 . '
x / / [Rls (o) (T @ (@2).B) x [T']2(®s, @)
751 X'Un (I)Q,®F/ AQ,FQ(X)(I)Q) 'Un(A,Al ®A2>.



752

753

754

755

756

757

758

759

760
761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

778

779

780

G. Guerrieri, F. Olimpieri 38:23

By definition, the former coend is just

A1,Az . N
/ / SubQ7I7T(A1, L(b7 CL)) X SubR@’T(AQ, b) X 'Un(A7 Al & AQ)

We remark that, forgetting the equivalence relation, the built isomorphism

b
SubS%T(A,a) = / Suvax,T(Al, L(b, a)) X SumeT(Ag, b) X 'Un(A, Al X AQ)
consists of the following map

<d7 <57 <F1’F2’ <<F3@<61>7Fé@<62>7 <O‘1’ 0¢2a771>>7 <<f = <F2,1a .- 1—‘2 len a)> /8 <ﬂ17 L) ﬁlen(d’)>7n2>>>79>>> —

- , - , -
<b7 <F1 ®® Fﬁflaah </851a 1® 1‘51 >a IFF,1®® ra >a <F2®®Fa‘2,0{2, <ﬁ627 1® 1“52>7 1F/2®® F52>7

(m @ (c*om))ob)or)
where

-,

0:A = T1®Ts,a € [QT} & (@), u(b,a)) and ay € [R]#(T% ® (), b);
(m,f = (0.f)) :T1® (@) = T} @ (@1) @ T4 ® (@) and m : To = QT § € [T](T2, @);
[IE = g, @ T, and [)F = Bz, & Faas

T: (Tl (Q®lz @QRTz,) > T eQ®Tz )@ (T®QT;,) is the obvious symmetry.

By definition, we have (for S = QR)

b rA1,As
[S{T/2}](A, a) = / / [QUT /2 }a(B1, (B, ) X [R{T /2 (D2, B < U™ (A, Ay @ Ag).

By i.h., we get two isomorphisms [Q{T/x}]#(A1, (b, a)) =2 Subg..r(A1,u(b,a)) and
[R{T/x}]z (Ag, b) = Subg...7(Az,b). We have our isomorphism, since isomorphisms are
preserved by products and coends. Then we can conclude, since morphism actions do not

change size of points and we have s (E) =s (Eal) +s (5@2) . <

Failure of Subject Reduction with Subtyping for Polyadic Terms. We recall the definition
of linear polyadic calculus in the framework of bang calculus.

p,q=z | Mzx1,...,z)p | pg| (P1,-- - k) | L

Terms are taken up to a-equivalence and up to linearity with respect to L (i.e., AZ.L =
p(L) = L, etc.”). The reduction —, is the contextual closure of the following base case:

(\Z.p)T —p {p{‘f/ 7} if len(q) = len()

1 otherwise.
Since we want to link a calculus of approximants to intersection type distributors, the first

thing to check is that the calculus satisfies subject reduction and expansion within our system

7 This is slightly different from the original definition of [41], but being up to linearity simplify calculations.
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wm R_,. Let ( = (F1,...,%,) and A = (dy,...,d,). We write ¢ : A for &1 : @1,..., % : dp. We
w2 give the following naive type assignment:

f:d —a G Tikg)l, n:A->QLT
00, (@) a),... ) QFaa M@, G AF (g, ) (a1, ... ax)
(o) :Av(@rp:a G:ToFp:d=a G:ThkFqg n:A-=To®I
::: C:AFXMp:d=a Mo ®C¢):AkFpg:a

76 where in the application case the left action []¢ means only that the positions of variables
77 in ( are rearranged in accordance with the permutation induced by the morphism 7. This
s is reasonable and necessary, since the morphism 7 can in general rearrange the position
70 of types. This means that if ( = (Z1,...,%,) and n = ((al,fl>, R <an,fn>> then [n]¢ =
w0 ([o1]T1,. .., [0n]Zn) where [o](z1,...,2k) = (To(1),- -, To(r)) is just the left action of the
1 symmetry group. It is easy to see that L is not typable in the type system above.

2 Example 21. We present a counter-example for the subject reduction of the former system.
3 Take the polyadic term p = (Az.z(A).y1 (), A(f).y2(f))) (A (21, 22).21(22)). This term clearly
s reduces to L, but it is typable in the former type system. Let m =

g:b —b
() : (), 0Fz:0 0:0, ) : (0=a)FA0n0:0=a 0:0,):{()=atAXHulf):()=a
() : V), (Y1, 92) - (O = a, () = a) F 2(A0) 410, AMS)-92(f)) = @
(y1,92) : () = a, (&) = a) B Mx)z(A)-y1.0, A)-y2() : (V) =
796 Where ¢ = () = aand &/ = ({¢) = a,() = a) = aand b = () = a,{c) = a) = a

707 the morphism g being of the shape (0, 1=, 1(s)=q) = 1 with sigma being the obvious
78 permutation. Consider p =

(z1): {{c)=a)Fz1:{c)=a (z):(c)Fz:c
799 (z1,22) : {{¢) = a,c) F z1(z2) 1 a

795

F A(z1, 29).21(22) : ({¢) = a,¢) = a
800 Now take 7’ =

T P

oy, ye) s {() = a, (a) = a) /\<x>:x<)\<>.y1<>, MNP () () =a  F Mz, 22>'.Zl () 1
Wi,y92) : () = a,{a) = a)Fp:a

802 The term p reduces to L. Indeed,

o p=ArzA)y10, A v2(f))) (M1, 22)-21(22))
504 —p (Alz1,22)-21(22)) (A )91 (), <>y2<f>>
s —p (AQ v )Y AS)v2{f) —

807 Therefore, p —7 L and p is typable, while L it is not. The problem relies completely in
ss the variable rule: the subtyping feature of the system is not detected by the syntax of the
s standard polyadic calculus. If we want to find an appropriate term language for our system,
s whose elements are also approximants of ordinary bang terms, we need to take seriously the
s qualitative information produced by the subtyping.
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